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Abstract: This paper theoretically proves that an electron storage ring can generate coherent radiation in THz
region using a quick kicker magnet and an ac sextupole magnet. When the vertical chromaticity is modulated by
the ac sextupole magnet, the vertical beam collective motion excited by the kicker produces a wavy spatial structure
after a number of longitudinal oscillation periods. We calculate the radiation spectral distribution from the wavy
bunch in Hefei Light Source(HLS). If we reduce electron energy to 400MeV, it can produce extremely strong coherent
synchrotron radiation(CSR) at 0.115THz.
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1 Introduction
The synchrotron radiation will be coherent when the
wavelength of the radiation and bunch length can be
compared. In a storage ring, the bunch lenth is typically
tens of picoseconds(ps). Therefore,the coherent radia-
tion has a spectrum mainly in the short-wave radio and
microwave regions which can be suppressed by the metal-
lic shields [1]. For ultrashort bunches, the CSR can be
extended to THz range. THz wave means electromag-
netic waves within band of frequencies from 0.1 to 10
terahertz. Terahertz radiation occupies a middle ground
between microwaves and infrared light waves in the elec-
tromagnetic spectrum. It has many excellent features
and can be widely used in research.
Compared with other methods, the THz radiation
from a storage ring is brilliant, broadband and stable [2].
In order to obtain a short-pulse electron beam bunch, the
commonly used approach is quasi-isochronous operation
which means the momentum compaction factor of the
storage ring is reduced to 0. There are many storage ring
light sources applied in this method to supply stable THz
or sub-THz radiation [2–8] all over the world. However
in these cases, the intensity was limited by a low thresh-
old of electron beam instability and the generation of
shorter wavelength radiation required extreme stability
of a ring [9]. Paper [10] proposes a more simple method
for generating coherent radiation in the THz region from
an electron storage ring using a quick kicker magnet and
an ac sextupole magnet. When the vertical chromaticity
is modulated by the ac sextupole magnet, the vertical
beam collective motion excited by the kicker produces
a wavy spatial structure after a number of longitudinal
oscillation periods. The modulated electron bunch can
produce CSR in THz region. This narrow bandwidth ra-
diation is extremely strong, can be tuned by controlling
ring parameters, and is easy to generate.
This paper theoretically investigate the possibility of
the above method applied in HLS, and we calculate the
radiation spectral distribution from the wavy bunch in
datail. Based on the results, we choose proper parame-
ters for the kicker and the ac sextupole.
2 Production of bunch structure
2.1 The bunch modulation by kicker and sex-
tupole
After excited by the quick kicker magnet,the vertical
displacement can be expressed by:
y= ybeta+ykicker. (1)
Here ybeta is betatron motion and ykicker is produced by
the vertical kicker magnet.
The kick-angle named θ, at time t = 0 the electron
bunch is excited by the kicker, then:[
y
y
′
]
kicker
=
[
0
θ
]
. (2)
In a storage ring, the transfer matrix [11] can be ex-
pressed by:
M(s2/s1)=

√
β2
β1
(cos∆ψ+α1 sin∆ψ)
√
β1β2 sin∆ψ
− (1+α1α2)sin∆ψ+(α2−α1)cos∆ψ√
β1β2
√
β1
β2
(cos∆ψ−α2 sin∆ψ)
.
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Here α1, β1, is Twiss parameter at position s1 and α2,
β2 is Twiss parameter at position s2. ∆ψ is the phase
from s1 to s2.
Therefore, after excited by the kicker, the displace-
ment at any point is expressed by:
ykicker =M(s2/s1)
[
y
y
′
]
kicker,1
= θ
√
β1β2 sin∆ψ. (3)
Here s1 is where the kicker located, namely the excited
point. We only consider vertical coherent oscillation.
The oscillation equation is expressed by:
y= y0 sin∆ψ. (4)
Assuming the ac frequency is ω. Then after mod-
ulated by the ac sextupole, the vertical chromaticity is
expressed by:
ξy = ξ0 +ξ1 sinωt. (5)
Here ξ0 and ξ1 are the amplitudes of the dc (off-set)
and ac (modulation) components.When ω = ωs, ωs is
the angular frequency of the synchrotron oscillation, the
chromaticity produces a betatron phase shift [10] which
is given by
δψ=
2pi
Trev
[
ε(
ξ0
ωs
+
ξ1
2
t)sinωst
+τ
(
ξ0
cosωst−1
αp
+ξ1
ωstcosωst−sinωst
2αp
) ]
.
(6)
Here Trev is electron cyclotron period, τ is longitudinal
time displacement, ε is energy spread and αp is the mo-
mentum compaction factor.
When ωst=npi,n= 0,1,2 · · · :
δψ=ωψτ, ωψ =− 2pi
Trev
1
αp
[
(±1+1)ξ0± 1
2
npiξ1
]
. (7)
It indicates that the vertical collective oscillation is
nothing to do with the energy spread at these mo-
ments.In other words,the electron bunch produces a pe-
riodic structure along the longitudinal axis. The distri-
bution of the bunch in the τ−y plane is shown in Fig. 1.
As n is greater, the bunch repetition frequency along the
longitudinal axis is higher, which produce higher CSR
frequency.
Fig. 1. At different moment, The distribution of
the bunch in the τ − y plane. The phase of the
reference electron is ψy0 = 0.When n is integers,
the bunch produces a periodic structure along the
longitudinal axis.
2.2 Radiation excitation leads to incoherent
For convenient, we rewrite Eq. (6) as follows:
δψ=A(t)ε+B(t)τ (8)
Assume an electron, which longitudinal parameters are
(ε,τ),emits a quantum of energy εN at time t = tN . It
causes the extra phase shift
∆(δψ) =−A(tN)εN . (9)
So the vertical collective motion becomes:
y= y0 sin[Φy0 +δΦy+∆(δΦy)]
= y0 sin(Φy0 +δΦy)cos[∆(δΦy)]
+y0 cos(Φy0 +δΦy)sin[∆(δΦy)].
(10)
The expected phase shift variance [10] produced by ran-
dom radiation is given by:
σ2ΨN =<ε
2
N >
∫ t
0
A2(tN)dtN . (11)
Because < ε2N >=
4σ2ε
τL
, τL is longitudinal damping
time.Substituting into Eq. (11),we get:
σ2ΨN =
( 2pi
Trev
)2 σ2ε
τLω3s
{
ξ20(2ωSt−sin2ωst)cos2ωst
+ξ0ξ1
(
ω2st
2 cos2ωst− 1
4
ωstsin4ωst
)
+(
ξ1
2
)2
[2
3
ω3st
3−ωst+sin2ωst(1
2
+ω2st
2 sin2ωst)
]}
.
(12)
Assume the extra phase shift follows the gaussian distri-
bution, then the bunch average position is:
<y>= y0 sin(Φy0 +δΦy)exp(−σ
2
ΨN
2
). (13)
Where <> stands for average over the extra phase shift.
As time growth, σ2ΨN becomes greater. The electron
bunch will becomes incoherent. Meanwhile, the verti-
cal collective oscillation amplitude becomes smaller. In
principle, it requires ωψ as large as possible to gain higher
THz CSR and σ2ΨN as small as possible to maintain bet-
ter coherence.
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3 Radiation from the modulation elec-
tron bunch
3.1 Single electron
The far-field radiation generated by a single electron
[12] is:
d2I
dωdΩ
=
e2ω2
4pi2c
∣∣∣∣∫ ∞
−∞
−→n ×(−→n×−→β )ejω[t−−→n ·−→r (t)/c]dt
∣∣∣∣2. (14)
Where −→n n is the unit vector from the electron to the
observation point, −→r (t) stands for the position of the
electron,
−→
β is the velocity relative to the light speed.
We mark:
−→
A (ω) =
∫ ∞
−∞
−→n ×(−→n ×−→β )ejω[t−−→n ·−→r (t)/c]dt
≈ 1√
3
[
−−→e‖( 1
γ2
+θ2)K 2
3
(ξ)+−→e⊥θ( 1
γ2
+θ2)K 1
3
(ξ)
]
.
(15)
Where
ξ=
ωρ
3c
( 1
γ2
+θ2
) 3
2 . (16)
−→e‖ is the unit vector in the y direction, corresponding to
horizontal polarization, and −→e⊥ =−→n ×−→e‖ . is the orthog-
onal polarization vector corresponding approximately to
vertical polarization. Then
d2I
dωdΩ
=
e2ω2
4pi2c
∣∣∣∣−→A (ω)∣∣∣∣2. (17)
In the electron bunch, −→r (t) is the reference electron
position at time t,
−→
R is the vector from the reference
electron to the observation point. θ is the angle be-
tween −→n and horizontal. Consider an arbitrary electron
in the bunch:
−→
r′ (t)−−→r (t) =x−→ex +y−→ey +cτ−→es . (18)
Where x, y, cτ and θ are first order small quantities.
Ignoring higher-order small quantities we conclude:
−→n = cosθ−→es +sinθ−→ey .
−→
n′ =
−→
R −−→r′
|−→R −−→r′ |
≈−→n .
−→
n
′ ·−→r′ (t)−−→n ·−→r (t) = cτ cosθ+y sinθ≈ cτ.
(19)
So:
−→
A′(ω) =
∫ ∞
−∞
−→
n′×(−→n′×−→β )ejω[t−
−→
n′·
−→
r′ (t)/c]dt
=
−→
A (ω)e−jωτ .
(20)
3.2 Coherent radiation
The total radiation spectrum of the bunch [13] is:
d2I
dωdΩ
=
e2ω2
4pi2c
Ne∑
m
−→
A (ω)e−jωτm ·
Ne∑
n
−→
A∗(ω)ejωτn
=
e2ω2
4pi2c
|−→A (ω)|2
Ne∑
m
[
(1+
Ne∑
n 6=m
ejω(τn−τm)
]
=
e2ω2
4pi2c
|−→A (ω)|2
[
Ne+
Ne∑
m
Ne∑
n 6=m
ejω(τn−τm)
]
=
e2ω2
4pi2c
|−→A (ω)|2
[
Ne+Ne(Ne−1)<ejω(τn−τm) >
]
.
(21)
Where Ne is the number of electrons in the bunch, <>
stands for average for all electrons.
Assuming the electrons follow gaussian distribution
in the longitudinal direction.
Φ(τ) =
Ne√
2piστ
exp
(− τ 2
2σ2τ
)
.
Where στ is the natural bunch length.Then
<ejω(τn−τm) >=
∫ ∫
dτndτm
Φ(τn)
Ne
Φ(τm)
Ne
ejω(τn−τm)
= exp
(−ω2σ2τ).
(22)
So the total spectrum is:
d2I
dωdΩ
=
e2ω2
4pi2c
|−→A (ω)|2[Ne+Ne(Ne−1)exp(−ω2σ2τ )].
(23)
3.3 Radiation from the modulated bunch
We mark the azimuth of observation point relative
to the reference electron as θ0, for an electron having
vertical displacement y:
θ= θ0− y
R
(24)
Because the observation point is far enough away from
the electron, θ is small quantity:
−→
A (ω) =
−→
A0(ω)+
∂
−→
A0(ω)
∂θ
(− y
R
)
. (25)
For convenient:
−→
A (ω) =
−→
A0 +
−→
B0(− y
R
)
. (26)
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Substituting Eq. (26) into Eq. (21):
d2I
dωdΩ
=
e2ω2
4pi2c
Ne∑
m
(−→
A0 ·−→A∗0−
−→
A0 ·−→B∗0
ym
R
−−→A∗0 ·
−→
B0
ym
R
+
−→
B0 ·−→B∗0
y2m
R2
)
+
e2ω2
4pi2c
Ne∑
m
Ne∑
n 6=m
[−→
A0 ·−→A∗0ejω(τn−τm)
−−→A0 ·−→B∗0
yn
R
ejω(τn−τm)−−→A∗0 ·
−→
B0
ym
R
ejω(τn−τm)
+
−→
B0 ·−→B∗0
ym ·yn
R2
ejω(τn−τm)
]
.
(27)
Integrating from the modulated bunch:
d2I
dωdΩ
=Ne
{
p0− 2y0p1
R
sinψ0e
−
ω2ψσ
2
τ
2
+
y20p2
2R2
(1−cos2ψ0 e−2ω2ψσ2τ )
}
+Ne(Ne−1)e−ω2σ2τ
{
p0
−p1 y0
R
·2sinψ0 coshωψωσ2τ ·e−
ω2ψσ
2
τ
2
+p2
y20
R2
· cosh2ωψωσ
2
τ−cos2ψ0
2
·e−ω2ψσ2τ
}
.
(28)
where:
p0 =
e2ω2
4pi2c
|−→A0(ω)|2.
p1 =
e2ω2
4pi2c
−→
A0 ·−→B∗0
=
e2ω2
4pi2c
−→
B0 ·−→A∗0.
p2 =
e2ω2
4pi2c
−→
B0 ·−→B∗0 .
(29)
Where ωψστ 1, Eq. (28) simplified as:
d2I
dωdΩ
=Nep0
[
1+e−ω
2σ2τ (Ne−1)
]
+
Nep2y
2
0
2R2
[
1+e−(ω−ωψ)
2σ2τ (Ne−1)/2
]
.
(30)
The first term of Eq. (30) is radiation from the bunch
without kicker and ac sextupole. The second term is
CSR produced by the spatial structure within the bunch.
The center frequency of CSR is ωψ. We can get radia-
tion spectrum as shown in Fig.(2). At the neighbor of
ωψ, CSR is much larger than ordinary bend radiation.
Fig. 2. The radiation spectrum produced by the
modulated electron bunch.At the neighbor of ωψ,
the second term of Eq. (30) is much larger than
the first term.
4 Applied on HLS
The required parameters of HLS [14] are as shown
in Table 1.At an electron energy of 800MeV, the nature
bunch length στ = 50ps, the coherent frequency(normal
CSR) is 0.003THz, which lies in microwave range and
can be suppressed by the metallic shields.After the de-
flection by the kicker magnet and modulated by ac sex-
tupole, the center frequency of CSR is 2pi×0.026THz
when t = 24pi/ωs, and σ
2
ΨN = 1.5. The complete results
are shown in Fig. 3.
Fig. 3. When the stored electron energy is
800MeV, the center frequency and the bunch co-
herence varies with time. With the growth of
time, the center frequency is larger while the
bunch coherence is weaker.
4
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Table 1. Parameters of HLS.
Electron Energy 800MeV 400MeV
Momentum compaction factor(αP ) 0.0205 0.0205
Revolution frequency(frev) 4.533MHz 4.533MHz
Curvature of radius of bending magnet(ρ) 2.16451m 2.16451m
Natural energy spread(σ) 0.00047 0.00024
Longitudinal damping time(τL) 10.8ms 86.7ms
Synchrotron oscillation frequency(ωs) 0.193MHz 0.273MHz
dc chromaticity(ξ0) 0 0
ac chromaticity(ξ1) 3 5
Number of electrons in a bunch(Ne) 2.58×1011 2.58×1011
Vertical oscillation amplitude(y0) 5mm 5mm
We can see, the CSR frequency doesn’t reach THz re-
gion.If we reduce the stored electron energy to 400MeV,
we can get Fig. 4.
Fig. 4. When the stored electron energy is
400MeV, with different sextupole, the center fre-
quency and the bunch coherence varies with time.
With the growth of time, the center frequency is
larger while the bunch coherence is weaker.
From Fig 4, the depth of sixtupole is bigger,
the center frequency of CSR can reach THz region
faster,however, the bunch coherence decline faster too.
Considering both respects,we choose ξ1 = 5. στ = 18ps ,
ωψ = 2pi×0.115THz at tn = 66pi/ωs . Further examina-
tion of Fig. 4, we conclude:
1. At t= 0, the bunch excited by the kicker.
2. When tn = npi/ωs,n = 58,59, · · · ,84, ωψ ∈
[0.10,0.15]THz, σ2ΨN ∈ [0.5,2].The bunch produces
CSR in the THz region.
3. When tn ≥ 120pi/ωs, σ2ΨN ≥ 5.8, the bunch is not
coherent any longer. e−σ
2
ΨN/2 ≤ 5%, the vertical
collective oscillation can be ignored.
So the frequency of the quick kicker magent satisfied:
fkicker ≤ ωs
120pi
= 724Hz. (31)
The lower frequency can reduce repetition frequency of
CSR.We hope kicker has higher frequency.
Taking into account the dynamic aperture of the
storage ring, at the position where the kicker located,
we choose the amplitude of vertical collective oscilla-
tion y0 = 5mm. The storage ring can tolerate this kick.
βy ≈ 10m, so the kick-angle is:
θ=
y0
βy
= 0.5mrad. (32)
When the stored energy is 400MeV and the ac chro-
maticity is ξ1 = 5, the CSR spectrum as shown in Fig. 5.
From the figure, FWHM=0.0138THz.
Fig. 5. When the stored energy is 400MeV, the
radiation spectrum of HLS at the neighbor fre-
quency of ωψ = 2pi×0.115THz. The observation
point lies in orbit plane.
5 Conclusion
It can produce stable, high flux CSR on HLS when
the stored electron energy is 400MeV. This has impor-
tant implications for expanding the scope of application
of HLS. However, the CSR may cause great disturbance
for storage ring. Moreover, introduction of ac sextupole
can lead to nonlinear effects. It may affect the dynamic
aperture of the beam. These need further research.
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